Some scaling properties of the chaotic sea for a particle confined inside an infinitely deep potential box containing a time varying barrier are studied. The dynamics of the particle is described by a two-dimensional, nonlinear and area-preserving mapping for the variables energy of the particle and time. The phase space of the model exhibits a mixed structure with KolmogorovArnold-Moser islands, chaotic seas and invariant spanning curves limiting the chaotic orbits. Average properties of the chaotic sea including the first momenta and the deviation of the second momenta are obtained as a function of: (i) number of iterations (n), and (ii) time (t). By the use of scaling arguments, critical exponents for the ensemble average of the first momenta are obtained and compared for both cases (i) and (ii). Scaling invariance of the average properties for the chaotic sea is obtained as a function of the control parameters that describe the model.
Introduction
The study of nonlinear systems has received much attention in the past years, particularly because of the explanation and/or prediction of the different phenomenon observed in the nature [Lichtenberg & Lieberman, 1992; Sussman et al., 2001; Guckenheimer & Holmes, 1996] . Therefore, advances towards the explanation of the behavior of nonlinear systems lead to a better understanding of their qualitative and quantitative behaviors. Among this class of systems are the nondissipative time-dependent Hamiltonian systems. Often such systems present a mixed phase space structure exhibiting Kolmogorov-Arnold-Moser (KAM) islands surrounded by a chaotic sea and a set of invariant spanning curves separating different portions of the phase space. Indeed, mixed phase space is a property of nondegenerate Hamiltonian systems [Zaslavsky, 1998 ] and can be observed in many different systems including those described by twodimensional, nonlinear and area-preserving mappings. Applications include the study of magnetic field lines in toroidal plasma devices [Caldas et al., 1996; Abdullaev & Zaslavsky, 1996; Punjabi et al., 1997] , waveguide [Iomin & Bliokh, 2003; Smirnov et al., 2001; Leonel, 2007] , Fermi acceleration D. R. da Costa et al. [Ladeira & da Silva, 2006; Livorati et al., 2008] , transport properties [Venegeroles, 2007 [Venegeroles, , 2008 [Venegeroles, , 2009 and many others.
In this paper we revisit the dynamics of a classical particle confined inside an infinitely deep box of potential containing a periodically driven barrier aiming to extend the description of the scaling observed in the chaotic sea for all the control parameters of the model. The dynamics of the model is studied via a two-dimensional, nonlinear and areapreserving map. The phase space contains a set of KAM islands which are surrounded by a large chaotic sea while invariant spanning curves limit the size of the chaotic sea by separating different portions of the phase space. In our approach, where the average properties of the chaotic sea are obtained as a function of the number of iterations as well as time, scaling arguments lead to different critical exponents.
This paper is organized as follows. In Sec. 2 we describe the model and construct the equations of the mapping. The numerical results are considered in Sec. 3 and final remarks and conclusions are drawn in Sec. 4.
The Model and the Map
In this section, we construct the equations that describe the dynamics of the particle. We consider that the Hamiltonian describing the model is given as H (x, p, t 
while V 1 (x, t) is given by
where V 0 is a constant and denotes the height of the static barrier. V 1 is the amplitude of oscillation of the driven potential. We only consider in this paper the case V 1 < V 0 . The control parameters l, b and L are, respectively, the widths of well I, the barrier and well II as shown in Fig. 1 . Since there is no potential gradient acting on the particle, except at the borders of the potential where it acts instantaneously, the dynamics of a particle interacting with an oscillating potential barrier is described by a mapping T which gives the total energy of the particle and the time at which the particle collides with the infinite potential wall located at x = 0, i.e. (E n+1 , t n+1 ) = T (E n , t n ). To construct the mapping, we follow basically the same general procedure as made by [Leonel & McClintock, 2004] and define the dimensionless variables
and w = 2V 0 /m. Note that τ gives the period of oscillation of the potential barrier and M gives the number of oscillations that the oscillating barrier has completed after the particle leaves from x = 0, with kinetic energy K = V 0 , by the time it arrives at the left-hand side of the potential barrier located at x = l. The dynamics and consequently the mapping are described according to two situations: (a) when the particle does not have enough energy to trespass the barrier, which is described by the map T A , and (b) when it has enough energy to cross the barrier, as denoted by T B . Let us start with T A , which is written as 
Chaotic Dynamics of a Particle in a Time-Dependent Potential Barrier
while the application T B is written as
where the auxiliary variables are
and the expressions for the energies are given by
e n = e n + 1 + r sin(∆φ b ), and e n = e n − 1 − r sin(∆φ c )
From now on, we consider as fixed the case of
A typical phase space of the model is shown in Fig. 2 for the control parameters r = 0.8, M = 1 and u = 1. One can see the mixed structure including the existence of KAM islands surrounded by a large chaotic sea and a set of invariant spanning curves limiting the chaotic region and therefore separating different portions of the phase space. The chaotic sea was characterized via the positive Lyapunov exponent. It is well known that the exponential separation of different initial conditions is characterized by a positive Lyapunov exponent. They are defined as [Eckmann & Ruelle, 1985] 
where Λ j (n) are the eigenvalues of the matrix M = n i J i (e i , φ i ) and J i is the Jacobian matrix of the mapping. Figure 3(a) shows a plot of the positive Lyapunov exponent as a function of n for five different initial conditions randomly chosen along the chaotic sea. The control parameters used were M = 10, r = 1 and u = 10. After an initial fluctuation, the positive Lyapunov exponent converges to a constant value for large enough n. Given the convergence, we can obtain the asymptotic plateau as a function of the control parameters, as shown in Fig. 3(b) for M , Fig. 3(c) as a function of r and finally in Fig. 3(d) as a function of u. We note that increasing M corresponds to a raising of the number of oscillations of the barrier and consequently increasing the randomness of the system. This leads to an increase in the value of the positive Lyapunov exponent. The tendency of growth of the Lyapunov exponent can also be observed in Fig. 3(c) . However, due to the destruction of an invariant spanning curve (see [Leonel & da Silva, 2003 ] for specific discussion), the positive Lyapunov experiences a sharp drop and then tends to grow again. For the variation of the parameter u, corresponding to the size of the regions I and II, we may only see that the Lyapunov exponents fluctuate around 2 and 3 (almost constant) for a large range of u ∈ [1, 2 × 10 2 ]. 
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Scaling Properties of the Chaotic Region
In this section we discuss the behavior of the average energy and the deviation around the average energy as function of both the number of iterations n and time t. The results previously discussed in the literature by [Leonel & McClintock, 2004] as functions of n include only the variation of the parameter M . In this section we obtain the critical exponents as function of r and u, stressing only the symmetrical case. When the averages are considered as functions of time, all critical exponents are entirely original and were never discussed or obtained before for this model. Let us start the investigation for n. The average energy is defined as
and hence the deviation of average energy is given by
where R denotes an ensemble of different initial conditions. A typical plot of ω versus n is shown in Fig. 4(a) for different control parameters. One sees that all curves start growing with a power law and they then bend towards a regime of saturation. The changeover from growth to the saturation is marked by a crossover iteration n x . This behavior lets us propose that:
(i) For n n x , the behavior of ω can be described as
where β is a critical exponent. (ii) For n n x , ω sat is given by
where α i for i = 1, 2, 3 are critical exponents. (iii) The characteristic crossover n x is written as
and z i with i = 1, 2, 3 denoting the dynamical exponents.
For extensive numerical simulations, we found that β ∼ = 0.5. The critical exponents can be obtained if the behavior of ω sat and n x are obtained as a function of the control parameters, as shown in Fig. 5 . With the critical exponents and after a suitable rescale of the axis, all curves of ω versus n merge onto a single and universal plot, as shown in Fig. 4(b) , therefore confirming the scaling invariance of ω for the chaotic sea for different control parameters.
We now proceed to the description of the critical exponents as functions of time. The main interest in such an analysis lies in the fact that the collisions number is not necessarily proportional to the time, as discussed in [Lichtenberg & Lieberman, 1992] . To illustrate the nonproportionality between the variables n and time t, we can say that a particle with large energy can have many more collisions with the borders of the potential while compared to a particle with small energy in the same interval of time.
Let us investigate the behavior of the deviation of the kinetic energy. Considering at first an orbit i, we evaluate the average energy according to the expression
Now we consider an ensemble of N chaotic orbits and obtain the average value for the deviation of the energy as ω (M, u, r, t) 
t).
(12) Figure 6 shows the behavior of ω curves for different control parameters. Equation (11) was iterated up to 10 6 collisions, using an ensemble of N = 5000 initial conditions. The values of M , u and r, are labeled in the figure. Analyzing Fig. 6 , we observe that the initial growth of ω depends only on t according to the expression
where β t is the growth exponent. Performing a power law fit in several curves of ω in the growing regime, we obtain an average value β t = 0.475(8) (≈ 1/2). In the limit of large values of t, when the deviation of the energy reaches constant values, ω depends on M , u and r. Thus, we describe the saturation regime as
where γ 1 , γ 2 and γ 3 are critical exponents. The γ i for i = 1, 2, 3 exponents are obtained by plotting the numerical data of ω sat as a function of M , u and r, as shown in Fig. 7 . We say that while one of these control parameters is ranged the others are kept fixed. The critical exponents obtained are γ 1 = 0.659(1), γ 2 = 0.618(7) and γ 3 = 0.65(1). The value 
